Maria Lupa ^-SOLUTIONS OF A LINEAR ITERATIVE FUNCTIONAL EQUATION
In the present paper we deal with the problem of existence and uniqueness of the solution <p of the linear functional equation (1) <p
(x) = g(z)<p[f(z)] + h(x)
in a certain function Banach space WJ¡(a,b) (cf. [4] ).This space is defined below.
A similar problem concerning, among others, solutions that are continuous, differentiate, analytic, absolutely continuous, integrable, Lipschitzian, with Lipschitzian r-th derivative was considered by several authors (cf. [1] , [5] and [2] 
where <p^ is r-th derivative of <p and 7 satisfies the condition (F). The condition (2) we call the generalized Holder condition or the 7-Holder condition. The class b) includes the class of all r times differentiate functions <p : (a, 6) -• R whose r-th derivative fulfils a Lipschitz condition in (a, b) (cf. [1] ). We may assume in the sequel that the function 7 fulfils additionally the following condition (see [4] , Remarks 1-3.) (/1) 7^(0) = +00 and 7(t) > t for t e (0, d). Suppose that (7) holds for a k, 0 < k < r. Then
v>(X) := g(x)<p[f(x)] + h(x), x e (a, b), then tp € W*(a,b) and there exist functions pk,i € W*~k(a,b) such that
Since Pk+i,i in (7) are uniquely determined, we have
By the induction hypothesis and in view of the fact that the product of two 7-Holder functions belongs to the class W*(a,b), we get that Pk+i,o € b). According to Remark 1 and on account of the induction hypothesis, we have that
we inspect formula (7) for k = r in which, as we have just proved, p r ,i € b). Moreover, on account of (i), the functions h^ and ip^ satisfy this condition and, by Remark 1, so do (p^, i = 0,..., r -1, g and (/') r . This completes the proof. (a, b) .
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Proof. We put do := diam U. In view of (A), we have 7(^0) > ¿o-Put at the point f(x) is equivalent to its convergence at the point x. By (10), (11) and from the convergence of the sequence (<p n )neN 0 in U it follows that (Vn)neJVo i s pointwisely convergent in (a, b) to a limit <p. It follows from (9) that <p is a solution of equation (1) in (a, 6). Since, by hypothesis, the sequence of restrictions (^n|D-)n€JV 0 converges in the space W*(U), we have € W*(U). We shall show that the sequence (9) converges in the sense of the norm of W*(a,b), i.e. that ( ( pii^)neNa uniformly convergent to k = 0,..., r, in (a, b) and the sequence We shall show that the sequence (12) is uniformly convergent to the function defined by (13) in (a, b) 2 \id( a( t). In view of the inclusions Ij C Ij+1, j £ No, we shall show this uniform convergence in the sets Ij x Ij\ id/ y , j € No. For j = 0 it follows from the hypothesis of the lemma. Suppose the uniform convergence of (12) in Ij x Ij\id/ y for a j > 0. Fix an e > 0. For n > no and (x,x) 6 Ij X Ij\ id/ y we have (14) |^)(x) --ii r \x) -<pW(x)I < e-r(\x -x).
From the uniform convergence of (<p^) n eN 0 to (p^ in (a, b) we get interval (a,b) . In view of the mean value theorem, hypothesis (i) and (15), we have It is easily seen that B is a closed subset of the space Therefore B with the metric Q(<PI,<P2) := ||<£i -v^a 1 1 » ViiV^ € B, is a complete metric space.
